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Abstract 

Mixed convection MHD peristaltic flow of Prandtl nanofluid is constructed. A flow is affected by activation energy, hall current variable 
velocity slip conditions, and thermal radiation through a non-uniform channel. Governing equation describes the fluid model in a system of 

PDEs, and then non-dimensional quantities, and the assumption of long wavelength and low Reynolds number are used to obtain a system of 

ODEs. The leading system’s results are constructed by an analytical method called a multi-stage differential transform method (Ms-DTM). 

All obtained graphical results are proposed in terms of 𝑦 versus different fluid distributions. An analytical solution is shown through a table 

that offered a numerical interest result. Outcomes show that the growth in variable velocity slip causes a rise in fluid velocity distribution. 
Applications like drug carriers can get more opportunities through studies of the present system.  

Keywords: Double-diffusivity; non-constant velocity slip; Thermal convection; Prandtl nanofluid; Ms-DTM; Mathematica 13.0.1. 

 

1 Introduction  

Non-Newtonian have vital and different uses in most life 

fields when shaken the Ketchupis are considered as a non-

Newtonian fluid example, polymers, paint, blood, 

shampoos, etc….  A non-constant fluid thermal conductivity 

effect on a non-Newtonian nanofluid is proposed by 

Mahmood et al [1] and shows that a non-Newtonian fluid 

combined with nano techniques has a vital role in most of 

the obtainable energy processes. Ibrahim [2], [3], and [4] 

use a non-Newtonian fluid mechanism in many drug carriers 

system. In the field of petroleum processes, Hasona et al [5] 

studied the non-constant viscosity effect on a non-

Newtonian nanofluid with a magnetic field. Generally, a 

non-Newtonian fluid is a fluid that does not follow Newton's 

law of viscosity, in non-Newtonian fluids, the viscosity can 

be varied when pressurized to either a more liquid or a more 

solid one. A non-Newtonian fluid has had countless vital 

and various applications in the last decades by modelers and 

investigators, for more applications see Refs [ .6-02 .]  

A "nanofluid" is a heat transfer fluid that contains 

"nanoparticles" (suspended nanoparticles) with sizes ranging 

from 1 to 100 nm dispersed throughout the base fluid. In the 

present study, we assume the two-phase model, i.e. both 

Brownian and thermophoresis effects will appear in the 

governing equations system. Morevere, rhe nanoparticles 

Al2 O3 is used with base fluid to shape nanofluid.      

Nanofluids can be studied theoretically or experimentally in 

order to control the process of heat transfer. There are two 

ways to simulate nanofluids, namely, single- and two-phase. 

Nanofluids is treated as the common pure fluid in single-

phase model, and there aren’t any slip velocities between the 

nanoparticles and fluid molecules. In two-phase model, the 

researchers consider that there are slip velocities between 

the nanoparticles and fluid molecules. So, there would be a 

variable concentration of nanoparticles in a mixture. Also, 

the velocity between the fluid and particles may not be 

vanished due to many factors such as friction between the 

fluid and solid particles, Brownian forces, gravity, Brownian 

diffusion, thermophoresis properties and dispersion. While 

in single-phase model, the nanoparticles can be easily 

fluidized, and therefore, it can be assumed that the motion 

slip between the phases would be considered negligible. In 

the present study, we assume the two-phase model, i.e. both 

Brownian and thermophoresis effects will appear in the 

governing equations system. Morevere, table (1) analyzed 

the thermal properties of Al2 O3-water Nanofluid. 

 

Physical properties Fluidphase (water) Al2 O3 

𝐶𝑝 (J/kg K) 4179 4181 

ρ (kg/𝑚3) 997.1 3600 

k (W/m K) 0.613 0.617 

Table 1. Thermophysical properties of basefluid (water) and 

Al2 O3 nanoparticles. 

     Nowadays, energy has a vital role in all recent 

applications of engineering, chemical, and physical 

processes, so, it has attracted the attention of modelers, 

researchers, and engineers. Generally, activation energy is 

the energy that is necessary to be provided to a chemical or 

nuclear system of latent reactants to cause a nuclear, and 

chemical reaction or countless other physical phenomena. 

Further, the term was coined by the Swedish chemist Svante 

Arrhenius in 1889 [21]. Shafique et al [22] addressed the 
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rotating frame in boundary flow in presence of activation 

energy; they found that the parameter of activated energy 

grows in the temperature of the fluid. Gowda et al [23] 

discussed the velocity profile for the boundary layer flow 

with the activation energy effect. In nearly times, 

applications of activation energy appeared more and more in 

different fields like nuclear reactions in engineering [24], 

and various physical phenomena in physics [25, 26], and 

many applications of such fluids can be found in Refs. [27-

30]. 

     The slip velocity is defined as the variance in velocities 

among liquids in the flow of two-phase mixtures over a pipe 

because of the slip between the two phases. Further, in 

hearts valves slip velocity comes at the highest of its 

authentication [31]. Nisar et al [32] deliberated the MHD 

peristaltic flow of Eyring Powell nanofluid in presence of 

activation energy influences. They found that the high 

standards of slip parameters increase the velocity profile. 

Akbar and Nadeem [33] suggest a new model for Jeffrey’s 

fluid under slip effects. They found that the increases in 

pressure rise advances rise the slip factor. In Refs. [1-28] 

slip velocity is mentioned in some of the like [1, 6, 10, 26-

28] as it’s paramount in artificial heart valves. 

Supplementary, the other investigation doesn’t acquaint 

about it. In the present manuscript, the variable slip velocity 

is considered to declare its significant part in the valves of 

the heart [34-35]. 

      The novelty/uniqueness of the proposed article is to 

present a theoretical recommendation in the relations of 

velocity slip conditions and thermal radiation effects on 

magneto-nano Prandtl fluid in a tapered channel. The fluid 

profile behavior is achieved as graphs using a Ms-DTM. 

The This physical modeling is essential for some 

physiological flows, such as the flow of stomach juice 

during the insertion of an endoscope.The formulation of the 

problem is introduced through the following section; the 

solution method of the present model is presented in section 

three; analysis of sketches/results is offered in section four; 

section five introduces the main points/conclusions of the 

present work.   

2 Formulation problem 
       In the Cartesian coordinate (𝑥, 𝑦), the velocity slip 

and hall current effects on the peristaltic flow of Prandtl 

nanofluid in a tapered symmetric channel are considered. 

Thermal radiation has affected the flow and the magnetic 

field (𝐵0) influence in the 𝑦 − 𝑎𝑥𝑖𝑠, and perpendicular to 

𝑥 − 𝑎𝑥𝑖𝑠 see Figure 1. [16]. 

 
Fig. 1: Physical model graph 

 

𝑦 = ℎ̂(�̂�, �̂�) = ±𝑎1(�̂�) ± 𝑏 𝑆𝑖𝑛 
2𝜋

𝜆
(�̂� − 𝑐�̂�)                                           

(1) 

𝑎1(�̂�) = 𝑎0 + �̅��̂�                                                              (2) 

    Where the variable width 𝑎1(�̂�) of the channel, the 

amplitude (𝑏) wave, the velocity of (𝑐) propagating wave, 

the value of half-width (𝑎0)at the inlet, the time (�̂�), the 

axial (�̂�) space, the wavelength (𝜆), the non-uniform (𝑚) 

parameter, respectively. The axial velocity is defined as 

�̂�  =  [�̂�(�̂�, �̂�,  �̂�), �̂�(�̂�, �̂�,  �̂�), 0]. 
Prandtl fluid extra stress tensor is obtainable as 

follows [𝟏𝟏 − 𝟏𝟑]: 
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(3)  

     Where the material constants of the tensor are 𝐴 and 𝐵.  

The thermal radiation is labeled as: 

𝑞𝑟 = −
−4𝜎∗

3 𝑘∗

𝜕𝑇4

𝜕𝑦
,                                                           (4)  

     

The governing equation of incompressible fluid is 

constructed in the laboratory frame (�̂�, �̂�) as follows [36-

43]:  
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     Where the stress (�̂�)  tensor of Prandtl fluid, the 

particles (𝜌𝑝) density, the base (𝜌𝑓) fluid density, the fluid 

(𝜌𝑓0) density at 𝑇0, the body (𝑓) force, the fluid (𝛽�̂�) 

volumetric solutal (𝛽�̂�) expansion, the flow (�̂�) 

temperature, concentration (�̂�) and nanoparticle volume(�̂�) 

fraction respectively, the Brownian (𝐷𝐵) diffusion, the 

acceleration (𝑔) due to gravity, the thermophoresis (𝐷�̂� ,) 
diffusion, the fluid ((𝜌𝑐)𝑓) heat capacity, the sort (𝐷�̂��̂�) 

diffusively, the material time (
𝑑

𝑑𝑡
) derivative the solutal (𝐷𝑠) 

diffusively, the nanoparticle ((𝜌𝑐)𝑝) heat capacity, DuFour 

(𝐷�̂��̂�) diffusively,  

 fixed frame (𝑋, 𝑌) defines the unsteady flow, while in a 

wave frame motion (𝑥, 𝑦) is used. The wave and fixed 

frame relations are considered as the following:  

𝑝(𝑥, 𝑦) = �̂�(�̂�, �̂�, 𝑡), 𝑥 = �̂� − 𝑐𝑡, 𝑦 = �̂�, 𝑢 = �̂� − 𝑐, 𝑣 =

�̂�,                                (11) 

Levy the dimensionless parameters as follows: 
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�̂� =
𝑥

𝜆
, �̂� =

𝑦

𝑏0
, �̂� =

𝑐𝑡

𝜆
, �̂� =

𝑣

𝑐
, 𝑢 =

𝜕𝜓

𝜕𝑦
, 𝑣 = −𝛿

𝜕𝜓

𝜕𝑥
, 𝛿 =

𝑏0

𝜆
 is 

the wave number, �̂� = 𝑃
𝑏0

2

𝜇𝑐𝜆
 is the pressure, 𝑅𝑒 =

𝑐𝜌𝑓𝑏0

𝜇
 is 

the Reynolds number, Ω =
Υ̂−Υ̂0

Υ̂1−Υ̂0
 is the nanoparticle 

fraction , 𝜃 =
�̂�−�̂�0

�̂�1−�̂�0
 is the temperature, 𝜑 =

�̂�−�̂�0

�̂�1−�̂�0
  is the 

concentration, 𝑃𝑟 =
(𝜌𝑐)𝑓𝜈

𝜅0
 is the Prandtl number , 𝐿𝑒 =

𝜈

𝐷𝑠
 is the Lewis number, 𝑆𝑐 =

(�̂�1−�̂�0)𝐷�̂��̂�

𝐷𝑠(�̂�1−�̂�0)
 is the Dufour 

parameters, 𝑆𝑟 =
(�̂�1−�̂�0)𝐷�̂��̂�

(�̂�1−�̂�0)𝜍
 is the Soret parameter, 𝑀 =

√
𝜎

𝜇
𝑏0𝐵0 is the Hartmann number, 𝐺𝑟 =

𝑔𝑏0
2(1−Υ̂)𝜌𝑓𝛽�̂�(�̂�1−�̂�0)

𝜇0𝑐
 is the thermal Grashof numbers, 𝐺𝑐 =

 
𝑔𝑏0

2(1−Υ̂)𝜌𝑓𝛽�̂�(�̂�1−�̂�0)

𝜇0𝑐
 is the  nanoparticle Grashof 

numbers, 𝐺𝐹 =
𝑔𝑏0

2(𝜌𝑝−𝜌𝑓)𝑏0
2(Υ̂1−Υ̂0)

𝜇0𝑐
 is the solutal  Grashof 

numbers, 𝐿𝑛 =
𝜈

𝐷𝐵
 is the nanofluid Lewis number, 𝑁𝑡 =

(𝜌𝑐)𝑝𝐷𝑇(T̂1−T̂0)

�̂�0𝜍
is the thermophoresis parameters and 𝑁𝑏 =

(𝜌𝑐)𝑝𝐷𝐵(Υ̂1−Υ̂0)

𝜍
 is the Brownian motion parameter, 𝑅 =

4𝜎∗

3𝑘∗

𝑇0
3

𝜍𝑐𝑓
 is the parameter of thermal radiation, 𝐵𝑟 =

𝐸𝑐 Eckret number × 𝑃𝑟. 

     by using the above-mentioned non-dimensional 

parameters and dropping the pars, the system of equations 

(5-10) becomes.   

−
𝜕𝑝

𝜕𝑥
+

𝜕

𝜕𝑦
(𝜎

𝜕2𝜓
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6
(

𝜕2𝜓

𝜕𝑦2 )
3

) −
𝑀2

1+𝑚1
2 𝐶𝑜𝑠(𝛽)2 (

𝜕𝜓

𝜕𝑦
+

1) + 𝐺𝑟  𝜃 + 𝐺𝑐 𝜑 − 𝐺𝑟  Ω = 0,    (12) 

𝜕𝑝

𝜕𝑦
= 0,                                                                     (13) 

(1 + 𝑅𝑑)
𝜕2𝜃

𝜕𝑦2 + 𝐵𝑟 (𝜎 
𝜕2𝜓

𝜕𝑦2 + 𝛽1 (
𝜕2𝜓

𝜕𝑦2 )
3

)
𝜕2𝜓

𝜕𝑦2 +

𝑃𝑟𝑁𝑡 (
𝜕𝜃

𝜕𝑦
)

2
+ 𝑃𝑟𝑁𝑏

𝜕𝜃

𝜕𝑦

𝜕𝜑

𝜕𝑦
−
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1+𝑚1
2 (

𝜕𝜓

𝜕𝑦
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2
+

                                                                     𝑆𝑟
𝜕2Ω

𝜕𝑦2
= 0,                                                             

(14) 

𝜕2𝜑

𝜕𝑦2 + 𝑆𝑐
𝜕2𝜃

𝜕𝑦2 − (𝜌 𝜃 + 1) 𝜑 𝑒
−𝐸

(𝜌 𝜃+1) = 0,                                           

(15) 
𝜕2Ω

𝜕𝑦2 +
𝑁𝑡

𝑁𝑏

𝜕2𝜃

𝜕𝑦2 = 0.                                                        (16) 

Use Eqs. (13) and (14) then we have: 

𝜕2

𝜕𝑦2
(𝜎

𝜕2𝜓

𝜕𝑦2
+

𝛽1

6
(

𝜕2𝜓

𝜕𝑦2
)

3

) + 𝐺𝑟  
𝜕𝜃

𝜕𝑦
+ 𝐺𝑐  

𝜕𝜑

𝜕𝑦
− 𝐺𝐹  

𝜕Ω

𝜕𝑦
−

𝑀2

1+𝑚1
2 𝐶𝑜𝑠(𝛽)2 𝜕

𝜕𝑦
[(

𝜕𝜓

𝜕𝑦
+ 1)] = 0,       (17) 

The extra stress (𝑺𝒙𝒚) tensor is abstracted as the following 

using the non-dimensional parameter. 

𝑺𝒙𝒚 = 𝜎
𝜕2𝜓

𝜕𝑦2 +
𝛽1

6
(

𝜕2𝜓

𝜕𝑦2)
3

,                                                (18) 

The extra tensor parameter is 𝜎 =
𝐴

𝜇 𝐵
, and 𝛽1 =

𝛼1𝑐2

𝐵2𝑏0
. 

   The variable velocity slip mechanism with thermal slip 

constraints is constructed as follows [4]: 

𝑈′ − 𝑈𝑤
′ = 𝜉𝑠𝑥𝑦,                                                          (19) 

   Where, the velocity 𝑈𝑤
′ of the wall, velocity (𝜉) slips in a 

variable case. So, the appropriate boundary conditions are 

as:  

𝜓 = 0,
𝜕2𝜓

𝜕𝑦2 = 0, 𝜃 = 0, 𝜑 = 0, 𝛺 = 0 𝑎𝑡 𝑦 = 0                                

(20) 

𝜓 = 𝑞,
𝜕𝜓

𝜕𝑦
+ 𝜉 (𝜎 

𝜕2𝜓

𝜕𝑦2
+ 𝛽1 (

𝜕2𝜓

𝜕𝑦2
)

3

) = −1, 𝜃 = 1, 𝜑 =

1, 𝛺 = 1  𝑎𝑡 𝑦 = 1 + 𝑚𝑥 + 𝛽2 Sin[2π𝑥], (21) 

Eq. (20) implies that the fluid particles closest to the 

uniform wall of channel are at rest and both temperature, 

concentration and nanoparticles are vanish, while in Eq. 

(21) they are equal to unity on the wavy boundary and the 

stream lines occur when the liquid to wavy boundary flow 

is not applied evenly.  

3 Method of solution  

       Firstly, the system of ordinary differential equations 

(14-17) is transformed using the theories of the differential 

transform method. Consequently, the initial values of 

boundary conditions are obtained, and then the interval of a 

solution is subdivided into sub-intervals. The solution of a 

system is obtained at each of the sub-intervals and the 

results are improved. Multi-stage differential transform 

method is used to overcome the divergence in the solutions. 

Many steps used in computer program algorithms use 

Wolfram Mathematica version 13.0.1. 

Let: 

𝑦(𝑡, 𝑓, 𝑓′, … , 𝑓⁽ⁿ⁾) = 0.                                                   (22) 

Related to the following conditions 

𝑓(𝑘)(0) = 𝑑𝑘 , 𝑘 = 0, . . . , 𝑛 − 1.                                            

(23) 

The finite series solution will take the form  

𝑓(𝑡) = ∑ 𝐹(𝑘)(𝑡 − 𝑡0)(𝑘)𝑁
𝑘=0 , ∀𝑡 ∈ 𝐷.                                       

(24) 

The Ms-DTM solution of ODEs (14-17) is as follows: 

𝜓(𝑦) = ∑ 𝛹[𝑘]𝑦𝑛𝑁
𝑛=0                                                (25) 

 𝜃(𝑦) = ∑  [𝑘]𝑦𝑛𝑁
𝑛=0                                                         

(26) 

𝜑(𝑦) = ∑ 𝛷[𝑘]𝑦𝑛𝑁
𝑛=0                                                           

(27) 

Ω(𝑦) = ∑ Υ[𝑘]𝑦𝑛𝑁
𝑛=0                                                           

(28) 

        Now, the skin friction (𝜏𝑤) coefficient, Nusselt 

number(𝑁𝑢) coefficient, and Sherwood (𝑆ℎ) number are 

defined as, 

𝜏𝑤 = (
𝛽1

6
(

𝜕2𝜓

𝜕𝑦2 )
3

+ 𝜎
𝜕2𝜓

𝜕𝑦2)|
𝑦=ℎ

, 𝑁𝑢 =
𝜕𝜃

𝜕𝑦
|

𝑦=ℎ
, 𝑆ℎ =

𝜕𝜑

𝜕𝑦
|

𝑦=ℎ
,                              (29) 

The achieved results will be debated in the next sections. 

4. Results and discussion 

       This section proposes numerical and graphical results 

for a system of equations (14-17) using the analytical 

method called Ms-DTM. In a Table (2) numerical results 

for skin (𝜏𝑤) friction coefficient, Nusselt (𝑁𝑢) number 

coefficient, and Sherwood (𝑆ℎ) number versus a different 

values of Hall (𝑚1) current and slip (𝜉) parameter are 

presented. 𝜏𝑤 , and 𝑁𝑢 are considered as an increasing 

function in hall current values, while 𝑆ℎ has a declining 

values at high values of  
𝑚1. slip parameter values on (𝜏𝑤), (𝑁𝑢) and (𝑆ℎ) has a 

contradict effects than found in Hall (𝑚1) current, which 

shows that there are an inverse correlation between Hall 

and slip parameters. 
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Table 2: Various values of (𝜏𝑤), (𝑁𝑢) and (𝑆ℎ) versus values of Hall current number, and slip parameter 

𝑚1 𝜉 𝜏𝑤 𝑁𝑢 𝑆ℎ 

0 0.1 1.2255800812887 0.0376272328467 0.02636226954287 

0.1 - 1.2261770032773 0.0377776079230 0.02631917138882 

0.5 - 1.237772872928 0.04069668843515 0.02548250778745 

1 - 1.256597111988 0.0454310594172 0.02412537436136 

5 - 1.286819401240 0.0530413321478 0.02194339476581 

10 - 1.288739990545 0.0535260242035 0.02180440740648 

1 0.0 1.4262326872003 0.0456844396408 0.02406357325725 

- 0.1 1.3821890811212 0.0455872759931 0.02408831580619 

- 0.3 1.3117762607421 0.04547939761894 0.02411471622028 

- 0.5 1.2565971119883 0.04543105941723 0.024125374361365 

- 0.7 1.2113238297585 0.04541231028090 0.024128328344952 

- 0.9 1.1730354499454 0.04540964712007 0.024127175181709 

 

         Figures 2-13 are proposed to study the behavior of 

different values of intersetd parameters versus a 

districutions of fluid. Figs. 2 shows that the slip parameter 

has a dual role on the velocity profile. That’s mean,  a high 

values of 𝜉 causes a velocity profile diminshing in the 

interval 𝑦 ∈ [0, 0.6984], while it growing in the interval 

𝑦 ∈ [0.6992, 1.243]. It’s depicted from Figs. 3,and 4 that 

the vlocity distribtion growing in the left part of channel 

and diminishing in the right part of the channel with a 

growing values of 𝐺𝐹 and 𝑚1. Finally, more sight effects 

are shown in the case of high values in solutal Grashof 

number.  

         Temperature distribution is studied against hall 

parameter, slip parameter, and thermal radiation through 

sketches 5, 6, and 7. Results shows that the hall and slip 

parameters have a like behavior on the temperature profile, 

through Figs. 5, and 6. Physically, the particels get more 

effective energy at high values of hall and slip parameters, 

which gets the particle move more freely to support the 

drug delivery stystem. Fig. 7 displays that the thermal 

radiation diminshes the temperature profile. The numerical 

values of Activation energy 𝐸𝑎 and thermophoresis 

parameters (𝑁𝑡) are studied versus concentration profile. 

It’s illustrated from Figs. 8, and 9 that the high values of 

Activation energy (𝐸𝑎) and thermophoresis parameters 

(𝑁𝑡) have an opposite behavior on concentration profile. 

Concentration distribution is considerd as an increasing 

function in 𝐸𝑎 and decreasing function in 𝑁𝑡. 

       Nanoparticle fraction behavior are studied against 

various paremeters of interest throgh Figs. 10, 11, 12, and 

13. It’s portrayed from Figs. 10, and 11 that the growths in 

thermal radiation and Hartmann number causes a growth in 

the Nanoparticle fraction profile. Furthermore, insight 

behavior is visulaized in case of Hartmann number than 

found in the thermal radiation. As acontradiction, the 

beahvior of high values of reaction parameter and Hall 

current leads to a diminshing in the profile of Nanoparticle 

friction. 
 



Multi-step differential transform method for both Hall currents and mixed..... 

__________________________________________________________________________________________________________________ 

________________________________________________ 

Egypt. J. Chem. 67, No. 6 (2024) 

 

229 

 
5 Conclusion 

      The outcomes of this paper is sheds light on the Hall 

current, slip velocity in variable case, and activation energy 

effects on the Prandtl nanofluid flow in an non-uniform 

channel. The analytical solutions are obtained use the multi-

stage differential transform method. Graphical and 

numerical results are obtained with aid of Mathematica 

program version 13.0.1. The numerical results for various 

values of (𝜏𝑤), (𝑁𝑢) and (𝑆ℎ) versus values of Hall current 

number, and slip parameter are showed through Table 2. In 

addition, it is predicted that the current problem will lead to 

treat with some multifaceted difficulties in industry, 

engineering [44-66]. The main conclusions of proposed 

paper is as follows:  

 Inverse correlation between Hall and slip 

parameters are obtained on (𝜏𝑤), (𝑁𝑢) and (𝑆ℎ). 

 Hartman number and Hall Parameter have a like 

behavior on profile of Nanoparticle friction. 

 Without lineraization or perturbation, accurate 

results are obtained using Ms-DTM. 

 Varaible velocity slip parameter has an opposite 

performance on Nanoparticle friction.  

 A dual role phenomena is observed on the fluid 

velocity distribution vesrsus different values of 

parameters like 𝐺𝐹, 𝑚1, and 𝜉. 
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