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Abstract 

In this paper, the problem of electro-osmotic peristaltic motion of nano-coupled stress fluid with heat transfer through a non-

uniform inclined channel is studied. The fluid obeys the power-law model and flows through a non-Darcy porous medium. 

Moreover, the effects of external magnetic field, thermal radiation, heat generation, Ohmic dissipation and chemical reaction 

are taken into consideration. The governing equations that describe the velocity, temperature and nanoparticles concentration 

are simplified under the assumption of long wavelength and low-Reynolds number. The resulting system of partial differential 

equations is solved numerically by using Rung-Kutta-Merson method. The solutions are obtained as functions of the physical 

problem parameters. The effects of these parameters on the obtained solutions are discussed and illustrated graphically 

through a set of figures. It is found that the axial velocity profiles decrease with the increase of electro-osmotic parameter. 

Keywords: Non-Newtonian: nanofluid; Peristaltic flow; Non-Darcy porous medium; Electro-osmotic

1. Introduction 
Nanofluids are a relatively new form of fluids in 

which (1–100 nm)  nanoparticles are suspended in a 

base fluid. Nanoparticles that are often  utilized 

include: metal carbides {SiC} or metals {Al, Cu} or 

oxides {Al2O3,  CuO} or single / multi-walled 

nanotubes of carbon, etc. Whereas the most  typically 

utilized base fluids include: water or ethylene glycols 

or polymer  solutions, etc. Nanofluids have higher 

thermal conductivity when compared to  base fluids. 

Therefore, nanofluids have attracted the regard of 

researchers  owing to their  considerable profits in 

industrial and biomedical areas such as  vehicle 

cooling,  solar water heating, domestic refrigerator, 

advanced nuclear  systems, cancer  therapeutics, and 

magnetic resonance imaging (MRI). Ardahaie  et al. 

[1] investigated the effect of incorporating 

nanoparticles into blood flow  in the presence of 

magnetic field in a porous blood artery. The creeping 

flow of  a power-law nanofluid in a non-uniform 

inclined channel with peristalsis was  studied by 

Abou-zeid and Mohamed [2]. Abou-zeid [3] 

investigated the effect  of the Cattaneo-Christov heat 

flux on the MHD flow of a biviscosity nanofluid 

 between two rotating disks via a porous medium. 

Khan et al. [4] studied the  peristaltic flow of MHD 

nanofluids through an asymmetric channel. They 

 utilized nanoparticles in three diverse shapes. It has 

been  reported that nanoparticles with cylindrical 

shapes have much lower thermal  efficiency than 

spherical and disc shapes. Eldabe et al. [5] studied the 

effects  of Ohmic dissipation and mixed convection 

on the peristaltic flow of a non- Newtonian nanofluid 

between two co-axial tubes. Eldabe et al. [6] 

investigated  the influence of the induced magnetic 

field on the flow of non-Newtonian  nanofluid (Al2O3) 

through the boundary-layer containing gyrotactic 

 microorganisms.  

The physiological fluids of animals and humans 

are generally  pumped by  the ongoing episodic 

muscular oscillations of the tubes.  These oscillations 

are  believed to be induced by transverse  contractions 

waves that propagate across  the ducts walls. This sort 

of movement is known as peristalsis. It is renowned 
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 for carrying urine from the kidney to the bladder, 

chyme movement in the  gastrointestinal tract, 

swallowing food through the esophagus, transferring 

eggs  through the female fallopian tubes, and blood 

flow in small vessels of  circulatory system, etc. It is 

also used in a variety of industrial and medical 

 applications such as tube pumps, rollers, hose, open-

heart surgery and heart- lung operation devices, and 

dialysis machines. An analytical study was done by 

 Abou-zeid [7] to discuss the effects of couple stresses 

on MHD peristaltic  motion of a non-Newtonian 

Jeffery nanofluid between co-axial tubes through a 

 porous media. Eldabe et al. [8] investigated the 

peristaltic transport of a non- Newtonian power-law 

nanofluid inside a non-uniform inclined channel 

through  a non-Darcy porous medium. Ibrahim and 

Abou-zeid [9] discussed the  peristaltic flow of a 

Prandtl fluid with heat and mass transfer in a non-

uniform  channel with sinusoidal deformation. 

Devakar et al. [10] discussed the  magnetic effects on 

the peristaltic motion of couple stress fluid in two 

 concentric inclined tubes in which the inner tube is an 

endoscope and the outer  tube has a sinusoidal wave 

traveling down its wall. The peristaltic motion of a 

 Bingham plastic nanofluid through a vertical 

symmetric channel was studied by  Abuiyada et al. 

[11]. Ismael et al. [12] studied the influences of 

entropy  generation as well as slip velocity and 

temperature conditions on MHD  micropolar 

biviscosity nanofluid flow through a porous medium 

in a channel  with peristalsis. Ibrahim et al. [13] 

analyzed the problem of MHD mixed  convection 

flow of Bingham nanofluid through a non-Darcy 

porous medium in  a tube with peristalsis.  

The term "electro-osmosis" refers to the 

movement of an electrolyte  through a channel with a 

charged boundary as a result of an applied voltage. In 

 recent decades, researchers have become interested in 

electro-osmosis due to its  numerous uses in 

biological, industrial, and medical processes such as 

porous  membranes, channel flow, fluid dialysis, 

botanical operations, human skin  transport, and 

separation techniques. Tripathi et al. [14] presented a 

theoretical  investigation of the peristaltic 

hydrodynamics of an aqueous electrolytic non-

 Newtonian Jeffrey biorheological fluid in the 

presence of an applied axial  electric field through an 

asymmetric microchannel. Eldabe et al. [15] 

examined  the influence of electro-osmosis on the 

peristaltic transport of an  incompressible MHD 

nanofluid across a porous media. The simultaneous 

 effects of the magnetic field, heat absorption, and 

mixed convection on the  electroosmotically induced 

peristaltic transport of copper particles in the blood 

 were discussed by Noreen et al. [16]. Tanveer et al. 

  [17] examined the natural  convective flow of MHD 

third-grade fluid caused by the peristaltic wave in a 

 microchannel with electro-osmosis. The 

electroosmotic flow of MHD  nanofluids through an 

asymmetric microfluidic channel was investigated by 

 Noreen et al. [18]. The electroosmotic peristaltic 

pumping of MHD nanofluid in  an asymmetric 

microfluidic channel with zeta potentials was studied 

by Noreen  et al. [19]. Lu et al. [20] investigated heat 

transfer applications in curved micro- channel driven 

by electroosmosis and peristaltic pumping.  

The current work is an extension to Eldabe et al. 

[8] to include the  influences of  electro-osmosis, 

couple stress, and chemical reaction on the  peristaltic 

flow of a  power-law nanofluid inside an inclined non-

uniform  channel. The system of  non-linear partial 

differential equations that governs  this phenomenon 

is  complicated. It is simplified using the 

approximation of  low Reynolds number  and long-

wavelength approximation. Then, this  system  of 

equations is solved numerically. The impacts of 

various parameters  on the flow variables are 

 illustrated by  sketching graphs.  

 

2. Mathematical description 
Let us consider two-dimensional peristaltic 

transport of an incompressible non-Newtonian 

nanofluid obeying power-law model in a non-

uniform channel with heat transfer. It is assumed that 

the electric field 
x

E is applied axially to the fluid 

flow and the magnetic field 
0

B is applied 

transversely. The radius of the non-uniform 

sinusoidal channel (as modelled in Chaube et al. [21]) 

is described by the following equation: 

( ) ( ) )/2sin(tan λπα xbxaxh ++=          (1) 

where a ,b , λ , x , α are half width of the opening 

of the channel, the amplitude of the wave, the 

wavelength, the axial displacement, the angle 

between the wall and the axis of symmetry of the 

channel, respectively. 

 Hayat et al. [22] define the relation between 

the stress tensor and the rate of strain in the power-

law model as follows: 

� = ��|���	
�
�|
	
    

           (2) 

where 	
 is the rate of deformation tensor, and 
0µ  is 

the dynamic viscosity. Here, m is the power-law 

index. The fluid behaves like shear-thinning or 

Newtonian or shear-thickening according to whether 

m˂0 or m=0 or m˃0. 
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The transformations between the fixed frame 

( ),X Y and the wave frame ( ),x y which moves 

with the speed c  are represented as follows: 

 

, ,x X ct y Y= − =   (3) 

),,(),(,);,(),( tYXVyxvctYXUyxu =−= (4) 

 

The governing equations for an incompressible 

power-law nanofluid flow in the wave frame after 

applying Eqs. (3) and (4) are given as [8]: 
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Energy equation 
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Nanoparticles concentration equation
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in which u is the axial velocity, v is the transverse 

velocity, y is the transverse coordinate, 
fρ  is the 

density of the fluid, P is the fluid pressure, 
ijS  are 

the stress tensor components of power-law model, η  

is the couple stress coefficient, 
0µ  is the dynamic 

viscosity of the fluid, k  is the permeability constant 

of the porous medium, 
sc  is Forchheimer constant, g 

is the gravitational acceleration, θ  is the inclination 

angle of the channel, σ  is the fluid electrical 

conductivity, 
eρ  is the electric charge number 

density, ( )
f

cρ is the heat capacity of the fluid, T is 

the fluid temperature, K  is the thermal conductivity, 

BD  is the Brownian motion coefficient, f  is the 

nanoparticles concentration, TD  is the 

thermophoretic diffusion coefficient, 
0T  is the fluid 

temperature at 0=y , 
0Q  is the volumetric rate of 

heat generation, 1T  is the fluid temperature at 

hy = , rq is the radiation heat flux, A is the 

chemical reaction parameter, 1f  is the nanoparticles 

concentration at hy = . 

 Using Rosseland approximation for 

radiation in Eldabe et al. [8], the radiation heat flux is 

given by: 

y

T

k
q

R

r ∂
∂−=

4*

3

4σ
   (10) 

the temperature variationd within the fluid are 

supposed to be very small, therefore 
4

T  can be 

expressed in Taylor series about 1T  and the higher-

order terms are ignored. Hence, 
4T  may be 

expressed as a linear function of temperature which is 

given by 

4

1

3

1

4 34 TTTT −≈    (11) 

 According to Prakash and Tripathi [23], 

Poisson equation is utilized to characterize electronic 

potential φ  generated across the electrical double 

layer (EDL): 

0

2

ε
ρφ e−=∇      (12) 

where 
eρ  denotes the total charge density and 

0ε  

the dielectric permittivity. 
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 From the Gaussian law, it is found that: 

E φ−∇=     (13) 

 The net charge density 
eρ  follows the 

Boltzmann distribution is given as Eldabe et al. [15]: 

)( −+ −= nnzeeρ     (14) 

where e  specifies electric charge, 
+

n and 
−

n are 

anions and cations having bulk concentration 
0n and 

z the charge balance of species. 

 Applying the Nernst-Planck equation given 

by Tripathi et al. [24], the distribution of ions within 

the fluid is described as: 










∂
∂

∂
∂+

















∂
∂

∂
∂

+








∂
∂+

∂
∂=

∂
∂+

∂
∂

±±

±±±±

y
n

yx
n

xTk

Dze

y

n

x

n
D

y

n
v

x

n
u

B

φφ
ˆ

2

2

2

2

 (15) 

in the above equation, D is the ionic diffusivity, T̂  

defines the mean temperature of the ionic solution 

and Bk  is Boltzmann constant. 

 It is now convenient to introduce the 

dimensionless quantities listed below. 
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 Using the aforementioned non-dimensional 

quantities in Eqs. (5)–(9) and Eqs. (12)–(15), after 

dropping the bars, and taking into consideration low 

Reynolds number and long wavelength ( 0≈δ ), the 

resultant equations are as follows: 

φθ
α

HSese

a

e

xy

Um
F

uFR

u
D

MR
y

u

y

S

x

P

22

4

4

2

)sin(
)1(

)1()
1

(
1

+−+

−++−
∂
∂−

∂
∂

=
∂
∂

 (17) 

0=
∂
∂

y

P
    (18)

 

0

)1(

3

4
1

1

2

2

2

2

2

2

2

2

=








∂
∂

++++
∂
∂

+








∂
∂+

∂
∂

∂
∂+

∂
∂







 +

y

u

R

E

uEMTQ
y

u
S

R

E

y

T
N

y

f

y

T
N

y

T

rP

e

c

cyx

e

c

tb

α
       (19) 

0fS
y

T

N

N

y

f
c2

2

b

t

2

2

=−
∂
∂+

∂
∂ γ         (20)








 −=
∂
∂ +−

2

nn
m

y

2

e2

2φ
  (21) 

0
y

n
yy

n
2

2

=








∂
∂

∂
∂±

∂
∂ ±

± φ
   (22) 

where  

1m2

yxxy
y

u
SS

+










∂
∂== `   (23) 

 Equation (22) is solved subjected to 
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expressed as: 
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By combining Eqs. (21) and (24), we obtain 

the Poisson-Boltzmann paradigm: 
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 Direct integration of equation (25) is 

performed subjected to the boundary conditions 

1=φ  at hy =  and 0
y

=
∂
∂φ

 at 0y = . The 

resulting electric potential function is given as: 
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 The adherence dimensionless boundary 

conditions are: 
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3. Method of solution 

To solve the above system of equations (17)-(20) 

with the boundary conditions (28), the subroutine 

D02HAF in NAG Fortran library is used. The 

shooting technique is then applied. This subroutine is 

essential to guess the starting values of initial and 

terminal conditions that are missing. The Rung-

Kutta-Merson technique of order five is used to solve 

the governing equations (17)-(20). In this subroutine, 

we employ variable step size in order to manage the 

local  truncation error. The modified Newton-Raphson 

technique is then used to obtain successive 

corrections for the predicted boundary values. The 

process is continued repeatedly until convergence is 

achieved, i.e., until the absolute values of the 

difference between every two successive 

approximations of the missing conditions is less than 

ε (in our problem ε is taken = 10-8). 

Let .,, 861 YfYTYu ===  

Hence, Eqs. (17), (18), (19), (20) and (28) can be 

written as follows: 
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4. Results and discussion 

In order to investigate the physical 

significance of the problem, we derived the numerical 

solutions of the axial velocity, temperature and 

nanoparticles concentration. The effects of various 

parameters entering the problem are discussed 

through the figures (1)-(9). These figures are depicted 

for a system whose particulars are following 

dimensionless numbers: 
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Figures (1) and (2) appear the conduct of the axial 

velocity u with the transverse coordinate y for various 

values of the pressure gradient
x

P

∂
∂

and electro-

osmotic parameter me, respectively. It is clear from 

Fig. (1) that the velocity profiles u decreases with the 



 N. Hegazy et.al. 

_____________________________________________________________________________________________________________ 

________________________________________________ 

Egypt. J. Chem. 66, No. 10 (2023)  

 

 

196

raising of electro-osmotic parameter me. The reason 

behind this trend is EDL (electric double layer). It 

means flow of fluid resists in the presence of EDL. It 

is found that the raising of the magnetic parameter M 

has the same effect on the velocity profile as electro-

osmotic parameter me. This is due to the magnetic 

field acts in the transverse direction of the transport 

phenomena. Sincethe difference of the magnetic 

parameter Mcauses the differenceof the Lorentz 

forces. The Lorentz force is a drag-like force that 

creates more resistance to transport phenomena and 

reduces the fluid velocity. The figure is omitted here 

to save space and avoid repetition. It is shown from 

Fig. (2) that an increase in the pressure gradient 
x

P

∂
∂

causes an increase in the velocity profile u. In 

general, such result could be applicable potential  in 

improving fluid flow in the biological, physical and 

engineering processes. Also, Figures (3) and (4) show 

the effect of increasing the inclination angel of the 

channel θ  and the slip parameter β on the axial 

velocity u. It is clear from these figures that the 

effects of θ and β on u is similar to the effect of 

pressure gradient 
x

P

∂
∂

 on u. 

The temperature distribution T with the 

transverse coordinate y for various values of the 

Reynolds number Re and Eckert number Ec, illustrate 

in Figures (5) and (6), respectively. The results which 

obtained in Fig. (5) are in agreement with Eldabe et 

al. [25], Abou-zeid [26]. It could be analyzed from 

Fig. (5) that the large value of Eckert number Ec 

enhances the temperature profile T. Physically, heat 

dissipation is characterized by Eckert number Ec. In 

viscous fluid, the increase of the kinetic energy 

produces internal heat energy (this is what we call 

viscous dissipation) which in terms enhances the 

fluid temperature.It is evident from Fig. (6) that the 

temperature profile T decreases as the Reynolds 

numberRe increases. It is worth to indicate that the 

Reynolds number is the proportion of the inertia 

forces to the viscous forces in the fluid. Therefore, 

the viscous force decreases as the Reynolds number 

increases and as a result of that, the temperature 

profile decreases. Furthermore, the significance of 

the Reynolds number is that it helps predict flow 

patterns in various fluid flow situations. At low 

Reynolds numbers, flows tend to be dominated by 

laminar flow, while at high Reynolds numbers of 

flows tend to be turbulent. 

Figures (7) through (9) show the change of 

the nanoparticles concentration f against the 

transverse coordinate y for various values of the 

thermal radiation parameter R, thermophoresis 

parameter Nt and the power-law indexm, respectively. 

The nanoparticles concentration f increases with 

increasing the thermal as shown in fig (7). Physically, 

increasing the diameter of nanoparticles indicates that 

the concentration of the fluid increases. This can be 

employed as factors for radiation oncology where 

 they may be  utilized to deliver therapeutic agents, 

create a localized  increase in radiation  dosages, and 

target tumor cells selectively for  localized damage. 

Fig. (8) shows that the nanoparticles concentration  f  

increases as the power-law indexm increases. The 

nanoparticle concentration f is seen to decrease as the 

thermophoresis parameter Nt increases in Fig. (9). As 

in thermophoresis, particles are moved away from hot 

region to cold region. This leads to  disturbance of 

nanoparticles and high values of the thermophoresis 

parameter result in increasing nanoparticles 

convection because of large random disturbance. 

Thus, the concentration of nanoparticles decreases. 

The result which is obtained in Fig. (9) is in 

agreement with Abou-zeid and Mohamed [27]. 
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Fig. (1) The axial velocity is plotted against y for 

various values of em . 

 
Fig. (2) The axial velocity is plotted against y 

for various values of 
P

x

∂
∂

. 

 

 
Fig. (3) The axial velocity is plotted against y for 

various values ofθ . 

 
Fig. (4) The axial velocity is plotted versus y for 

various values of β . 

 

 
Fig. (5) The temperature is plotted against y for 

various values of cE . 

 
Fig. (6) The temperature is plotted against y for 

various values of eR . 
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Fig. (7) The nanoparticles concentration is plotted 

against y for various values of R. 

 

 
Fig. (8) The nanoparticles concentration is plotted 

against y for various values of m. 

 

 
Fig. (9) The nanoparticles concentration is plotted 

against y for various values of Nt. 

5. Conclusions 

The objective of this study is to focus on the 

influence of coupled-stress, thermal radiation, Ohmic 

dissipation and chemical reaction on power-law 

nanofluid in a non-uniform inclined channel. 

Variable surface temperature and convective 

boundary conditions for both temperature and 

nanofluid concentration are also considered. Long 

wavelength and low Reynolds number are utilized to 

simplify our system from non-linear partial 

differential equations to ordinary differential 

equations in order to make it easy to solve. Then, 

numerical solutions for the axial velocity, 

temperature, and nanoparticles concentration 

distributions are obtained using the Rung-Kutta-

Merson method. The effects of the various physical 

embedded parameters on these distributions are 

discussed numerically as well as graphically and 

represented via a set of graphs. Physically, our 

problem corresponds to the behavior of motion 

through most of the physiological organs like small 

blood vessels, ducts afferents of the male 

reproductive tracts, esophagus, lymphatic vessels, 

and the cervical canal [28-54]. The main outcomes of 

the present investigation are summarized as follows: 

1) The axial velocity distribution uincreases as the 

parameters Da, Pr, Q and 
x

P

∂
∂

increase, whereas 

it decreases as the parametersα , Re, Frand M

increase. 

2) The relation between the velocity u and the 

normal axis y seems to be a  parabola with an 

upper vortex for various values of these 

 parameters.  

3) An increase of Eckert number Ec and a decrease 

of Reynolds numberRe cause an increment of the 

temperature distribution T. 
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4) By increasing the normal axis y, the temperature 

� for various values of problem physical 

parameters becomes greater and ends up with the 

maximum value at the right wall of the channel.  

5) As the thermal radiation parameter R increase, 

the nanoparticles concentration increases, 

however, as the thermophoresis parameter Nt 

increase, the nanoparticles concentration 

decrease.  

6) When compared to temperature behavior, the 

concentration of nanoparticles behaves in the 

opposite way. 
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